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NON-AXISYMMETRIC SUBMERGED JETS'

N.I., YAVORSKII

The generalized multipole approach developed in /1/ for axisymmetric, non-
selfsimilar submerged jets is extended to the non~axisymmetric case. In
the case of jets with large asymmetry, a periodic rotation of the direction
of asymmetry with distance from the jet source by a right angle, is
predicted. It is shown that the first three terms of the asymptotic
expansion at the point at infinity obtained in /1/ for axisymmetric jets
remain valid in the non-axisymmetric case. The influence of the asymmetry
on the stability of the jet flow and the problems of the convergence of
the expansions obtained in the axisymmetric case are discussed. The
possibility of formulating the problem in a bounded region is indicated
and its relation to the stability of the flow is shown.

1. The basic results of /l/ are represented by the following assertions.

The asymptotic behaviour of non-selfsimilar jets is completely determined by the character-
igtic solutions w, ¢ of the Navier-Stokes equations, linearized on the exact selfsimilar
solution Vv, obtained by Landau in /2/

w, Vv, + (vp, VIw = —Vgq + vAw, divw =0 1.1
and the eigenfunctions (multipoles) depend exponentially on the spherical radius
w =W (8)R=, g=Q(6) B>

where (R, 0, ¢) are spherical coordinates. The exponent o« is determined as the eigenvalue
of the corresponding spectral problem on W, @ which follows from (1.1).
The first three terms of the expansion of stream function 1 have the form

Y=vRy, (z) +vInRu(z) +vz{a) + ..., z=cos b {1.2)
n@=21"2 4>1 (1.3)
u(x):B(i—x’}-Ti(-;—_éz—},—, z (@) =2, (2) + cque (z} (1.4

where y; () is the solution due to Landau /2/ and 1z () is the analytic solution of the
linear inhomogeneous equation given in /1/. The unknown constants 4, B, ¢, are obtained by
specifying the basic integrals of conservation of momentum, flow rate and transverse component
of the angular momentum respectively.

We can determine with the same accuracy the peripheral velocity, i.e.

we = ey (@)1 — 2)AR2 + . ... (1.5)
where Ty(z) = {1 — 294 — 2)™%, and we can find the arbitrary constant ¢, by specifying the
longitudinal component of the angular momentum.

We find that the same multipolar approach can also be used in the case of a non-axisym~

metric problem of non-selfsimilar submerged jets.
In this case the solution of (1.1l) can be written in the form

0

w= 3 [Wyn(z)cosme + W, (z)sinmp] B %nm {1.6)

Te=l, M=

g=v 2 _, [Qum (2) cosm@ + Quum (2) sim mep) R

Let nehm
W= (1 — g3/ {U {x) cosmo, Y& cos me, (1.9)
Vi—-=
'/v: ) — sin m(p] R
—
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g (1= a2 Q (a) R

For simplicity we have omitted the indices and the summation sign in (1.7). Formally,
(L.7) resembles the representation of the adjoint Legendre polynomials, and its form is
governed by the form of the right-hand side of (1.1), so that the functions U (z), V (&), W {(z),
Q (z) would be analytic with a chosen in the corresponding manner. Substituting (1.7) into
system (l1.1), written in a spherical system of coordinates, and eliminating the quantity (1 —
22)V” with help of the eguation of continuity, we arrive at the following system of equations:

(I —a)U' =2(m +~NDU" +imm -+ 1) — (0 —1) (¢ —2)] U —~ (1.8)
@10+ nl' + [+ o' — 5|0+ (0 - 25) v

(-2 =1 — 22 — a)U + maV + mW

I —a®)yW'=2m 20 —4U +2V' -+ (y, + 2mx) W' +
[(a— 1y, — lmf’;z ,Lm(m—1)~a(a—1)JW—mQ

(1—a3)Q =a(l —a®)U’' — 2malU -+ (y; +max) V' -+
[ayl’ LA2—my i m_a(a— V]V —mW + mzQ

{— 2z
— 1l

We could say that Egs. (1.8) represent the result of the action of a nen-selfconjugate
generalized differential Legendre operator /4/, and therefore analytic solutions exists in
the neighbourhood of the singularities z = 4-1, and the conditions of the boundedness of
U, V',W,Q  are equivalent to the demand that the functions be analytic at these points.
The conditions of analyticity follow from (1.8) in which the function y, ()} is represented

in the form (1.3) and == or z = —1. Choosing the parameter « suitably, we can
continue the solution analytically from the point z =1 up to the point z = —1 (or vice
versa).

We see from (1.8) that the conditions of analyticity represent four homogeneocus equations
with seven unknowns U, U’, V, V', W, W’, Q. Three of them can be specified arbitrarily (and
it is convenient to choose U, W, (). This agrees completely with the physical formulation
of the problem of non-selfsimilar jet flow outside a sphere of radius R, on which an arbitrary
continuous velocity field Ur, Vs, Vy 1is specified, naturally under the condition that the
systems of eigenfunctions {U,.}n-1, {Vom}net- {W, m}ney corresponding to the eigenvalues Lo

are complete for every asimuthal number m =0,1,2,..., .

The latter assertion can be proved for the case when Re = 0 A( = ) where the Reynolds
number Reis obtained in terms of the total momentum of the jet J /2/ and depends monotonically
on the constant A from the sclution (1.3), and Re — v as 4 — +1:

Re=(5)" . 7= t6mpa [1 T — 2 T

Indeed, seeking the solutions of (1.8) in the form of the polynomials in iz, U, Q in the
n-th degree, V in the (n + 1)-th degree and W in the (n - 2)-th degree we find the following
spectral values:

@ =n-+m+2 a=n+m+2 a,=n-+m (1.9)

oy = —n—m—1, ag=—n-—-m—1, ¢ = —n —m + 1

The eigenvalues o,, o,, 3 corxrespond to the problem of the flow outside the sphere, and
a,, Oy Qg correspond to the internal problem., Using the exponents o, ...., 0% Wwe can
construct the solutions in a spherical layer or in any other doubly connected region bounded
by star~like surfaces. Thus when Re == 0, the eigenvalues are integral and the corresponding
eigenfunctions are polynomials. From (1.9) we see that for every m = (0,1,2,... the family
of eigenfunctions forms a basis of the space of all polynomials whose completeness in C [—1, 1]
is well~known.

when Re >0, the study of the problems of completeness of the eigenfunctions becomes
very difficult, since the eigenvalues & occur in Egs. (1.8) in a non-~linear manner. There is
still no rigorous mathematical theory embracing such spectral problems, so we shall restrict
ourselves to qualitative arguments supported by appropriate numerical results.

The coefficients of system (1.8) and the momentum J (4) are analytic with respect to the
parameter 0 < 1/A<{1. From this we can naturally predict, by analogy with the known theorems
on the parametric dependence of solutions of the systems of ordinary differential equations,

a continuous dependence (piecewise differentiable at 0 < Re< o¢) of the eigenfunctions on
Re, regarded as a parameter for 0 - Re < co. In this case the number of eigenfunctions and
their linear independence will be preserved at least in some neighbourhood of the point Re = 0,
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and we will have no reason to assume that the completeness of the systems of eigenfunctions
will be lost in this neighbourhood when Re increases from zero. It should be noted that the
eigenvalues d,;, will also become functions of the Reynolds number and both the eigenfunctions
and eigenvalues may take complex values. Numerical calculations confirm the continuous (and
possibly piecewise differentiable) relationship a,, (Re) (Fig.1-4) together with the cor-
responding eigenfunctions U,, (z, Re), V., (z, Re), W,n (z, Re), Q,n (z, Re).

The Runge-Kutta-Meerson method was used to carry out the computations with a relative
accuracy of 1072, according to the following scheme. Starting from the singularities z= +{
of system (1.8) of sixth-order equations, we construct the triads of linearly independent sol-
utions UT (), U,T (z), U,% (2) where 6 is the vector v=1[U, v, v, w, w,¢lT, up to some matching
point z. —1 <z, <1 situated within the region of the steepest gradients of the function
required. The condition of analyticity of the solution is

UL () + U (20) + e3TUg* (20) = ¢7Up™ (ze) + e Uy (@) +
3t Us™ (2c)

The necessary condition for a non-trivial solution T (k=1,2, 3) of this system to exist
is, that the sixth-order determinant

) A (@, Re, m) = | UptUs*Ust Uy Uy Uy~ |
should vanish.
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The equation yields the spectral values a, (Re, m). We see that the eigenvalues do not
depend on =z, since the matching of solutions at the point 2z, produces an analytic solution
everywhere within the region —1 <z <1.

It should be noted that when Re= 0, it follows from (1.9) that for every m the
spectrum is a=m,m+1,m+2,... and «=m  is the singly, while a=m-+2,m+3,... aretriply
degenerate eigenvalues. When a=m-1, m >0, the solution is doubly degenerate, although one
might have deduced from (1.9) that no degeneracy exists. The "supplementary" solution is a
solution of the form U=Q=0, V() is a zero-order polynomial and W (z) of the first order,
and this was not taken into account when constructing the solutions in the form of polynomials,
and in deriving (1.9). When a >0, no other solutions exist. When Re>0, the degeneracy
is removed and some of the eigenvalues remain real, while others form complex conjugate pairs.

Fig.l shows the real exponents for the case m =1 as a function of the Reynolds number.
The straight line 1 which corresponds to o (Re)=2 and curve 2, from two real branches generated
by the double eigenvalue a«= 2 at Re=0. Curve 3 represents a unique real branch of a triply
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degenerate eigenvalue o =3 at Rex= 0, whose other two branches form a complex conjugate pair
(Fig.2). The exponent « (Re) shown by curve 4 has two cusps a and b, and a more complex
origin (see Fig.3).

Curve 1 in Fig,2 (m =1) represents the real part, and curve 2 the imaginary part of the
eigenvalue of the complex conjugate pair corresponding to a«==3 at Re-:0.

Fig.3 (m=—=1) dJdemonstrates the fairly complex changes undergone by the exponent as the
Reynolds number increases. The dot-dash line shows the real eigenvalue corresponding to curve
4 in Fig.l. When Re= 0, one real branch (curve 1) and two complex conjugate branches (not
shown in the figure) depart from the point «-=:4. Similarly, when Re-= U, one real branch
(not shown in the figure) departs from the point a =5, together with two complex conjugate
branches whose real part is represented by curve 2, and imaginary part by curve 3, The complex
conjugate pair merges at point a generating two real exponents (curves 4 and 5). At point b
two real exponents (curves I and 5) merge and a complex conjugate pair is generated whose real
part is described by curve 6 and imaginary part by curve 7. At point ¢ the complex pair is
transformed into a real pair of exponents (not shown in the figure).

Fig.4 shows the relations «(Re) for the azimuthal number m - 2. Curve 1 corresponds to
the real exponent emerging from the non~degenerate eigenvalue a=2 at Re=v., Curves 2
and 3 represent real branches of the double eigenvalue o =3 at Re-:0. At point a the two

real exponents merge {curves 1l and 2) and a complex conjugate pair is generated whose real
part is described by curve 4 and imaginary part by curve 5,

The presence of complex exponents of the spherical radius R in expansion (1.6) is import-
ant for understanding a number of physical effects (see Sect.3).

2. The velocity profile in the exact selfsimilar formulation of the laminar submerged
jet should have the form /5/
v = vRV (8, ¢)

The Landau solution (1.3) refers to a class of flows in which V =V (4). The problem
arises of the existence of asymptotically non-axisymmetric submerged jetswhen V =V (0, ¢). Such
solutions are admissible in the linear approximation to the non-axisymmetric case. Indeed,
when m =1, (1.9) implies that Eqgs.(l1.8) have a solution when o =1 and Re=0(n =0). An
exact solution of (1.8) for a =1, m =1 and any Re can be found by assuming that the func-
tions U, V, W, Q are polynomials with respect to the variable 1/(4 — z). The required sol-
ution is

U(:p):(—A_E._._— v (1):_;,,_72_1__# 2.1)

I)‘Z 1

b 1 4 24 1
We)=—g—13=7 C@O=G—oy ~@_1T G-

It can be shown that solution (2.1) is consistent in the sense that the next approximation
obtained by iteration over the non-linearity has a solution. Solution (1.3) corresponds to
the case when the z axis coincides with the axis of the jet.

Let the axis of the jet not coincide with the z axis and be directed along the unit
vector T = (sin 8, cos @, sin 0 ¢sin @,, cos 6;). We denote the unit vector of the spherical system
of coordinates O (R, 6, ¢) constructed relative to the Cartesian system of coordinates z, ¥,z
by np, n:, ng, and by ng’, me', ny’ the unit vectors of the spherical system of coordinates
0' (R, ¥, ¢’) constructed relative to the Cartesian system of coordinates 2, ¥y, z7 whose 2’
axis is directed along ¥ and whose origin of coordinates coincides with the point 0. In this
case we have

ng==ng’, (ng,ng’)==—cosyP, (ng, ng’)=siny (2.2

Using Landau's results (l1.3) /2/, we obtain the exact solution of the Navier-Stokes
equations in the O (R,0,¢) system of coordinates

o 2 [ A£—1 1]

R="R [[(A—cosoy (2.3)
2v sin 6’ 2v sin 0’ .

V= R A < cos @ COsYy Vo= — T cos sing

It can be shown that the following relations hold:

cos 8’ = cos 0 cos 68, + sin 0 sin 84 cos (¢ — @g) (2.4)
cos 8, = cos 0 cos 0’ + sin 8 sin 8’ cos P
and they can be used to obtain the solution (2.3) in the O (R, 0, ¢) system of coordinates.

In the case when 6,< 1, i.e. when the amount of axial asymmetry is small, we have from
(2.3) and (2.4)
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6 =0 — 6, cos (p — @), w:@oimizl-——%m- (2.5)
wR=%Y—BO(‘+:C_%§Wsin9cos((p—-q>o)

wez.%\:'e"[ (A‘is;;sie)2 - ‘A«-—Acosﬁ JCOS((Q’_Q}")

0t

which agrees, apart from the numerical multiplier 2{4%—1)8,, with solution (2.1). From
this ‘we can conclude that the Landau sclution represents, in fact, a unique principal term of
the asymptotic expansion in the non-axisymmetric formulation of the problem also, A solution
of Egs.(1.8) at a@ =2, m =1 and all values of the Reynolds number can be obtained in the
same manner from the asymptotic representation (1.2)-(1.4) written in the Q' (#,t', ¢') system
of coordinates as 8, - 0. Thus we see from the results of the computations given in Sect.l,
that the contribution of the non-axisymmetric additions is given by the terms of the expansion
with exponents o > 2.

Thus when R — o0, the jet becomes axisymmetric and the asymptotic representation of
the solution (1.2)-(l.4) remains valid in the non-axisymmetric case also.

3. when the solution is given in the form (1.6), it does not satisfy the complete Navier-
Stokes equations. We can use the expansions (1.6), as was done in /1/, to construct a general
solution of the Navier-Stokes equations (under the condition that the set of eigenfunctions
{w, ¢} is complete in C[—1,1] (0 < 0 < ), and this is assumed), if we carry out the expansion
over a more complete set of exponents. This set will include, in particular, the powers which
appear when {1.6) is substituted into the non-linear terms. Such a family of powers must have
a group property, namely that the linear and non-linear terms yield exponents belonging to the
same family. Additional terms of the expansion appear as solutions of the linear inhomogeneous
equations whose right~hand side is determined from the known non-linear terms.

The solution can be written in the form (the summation is carried out in n and m, from
n=1, m=0 to n= o0, m=x)

vr==v (1 — zBy 2R Partd (mp) Up®T (v R) 3.1)
vp==v 2 (1 — 2?2 Ram® (mq) Vpn®T (Vi )

Upg==V Z (i - xﬁ)(m—x)/z RFam@ (m ((P - %’)) an(DT {vnmR)

L=yt §7(1 — 3ms R @ (1) Qua®T (v F)

Here
(-3 o
b+ P =1+ 3 2 (tim, — 1), Z’ my=m (3.2)
Um___[ Ul u?m] < R {Hknm uﬁm}
.;?m uﬂm k:'ll R* uknm Udmm (33)

@ () = (cosf, sin f)

nj, m; are non-negative integers chosen so that the inequalities Pum < Mpum hold, the

matrices V.., W,., Q., are represented in a form analogous to that of the matrix U, (3.3),
and their elements are functions of .

The appearance of complex exponents (3.2) in the non-axisymmetric case (3.1) represents
an important difference between this case and theaxisymmetric case /1/ of the problem of a
non-selfsimilar submerged jet.

One of the physical consequences of this is, that in the case of a strongly asymmetric
jet terms with m 20 will play a major role in the initial segment. In particular, in the
problem of a jet flowing out of a rectangular opening whose ratio of adjacent sides differs
strongly from unity, the terms in question will be the terms with m = 1. The presence of
complex exponents will lead, firstly, to the appearance of oscillations in the velocity profile,
and secondly, as R (or z) increases, the jet will contract with a period 2a/lma, in the
direction of the greatest asymmetry (the larger side of the rectangle) and this can be inter-
preted, on a background of the general widening of the jet flow, as a periodic rotation of the
jet about its axis by 90°. when the value of R is increased further the velocity profile will
be smoothed out and will tend to become selfsimilar.

what we said above refers to laminar jets. However, the qualitative -type deductions made
above can also be related to the turbulent jets since the Bussinesq hypothesis of turbulent
viscosity /6, 7/ can be applied to them. In order to compare the experimental data with the
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results obtained, it is sufficient to take the experimental value of the turbulent Reynolds
number Rep= 35 /8/., Experiments /8, 2/ show fairly good gqualitative agreement (s/4~20 and
more) with the characteristic features of the flow shown above for the case of "rectangulaxr”
jets, and the photograph included in /9/ shows that the period of rotation of the jet is of
the order of the width of the jet in the initial cross-section, which agrees with the data
given in Figs.2Z and 4 where Ima~{.

Another consequence is related to the problem of the hydrodynamic stability of the Jjet
flow, As we have already shown, the contribution of the asymmetry can lead, at sufficiently
high intensities of asymgmetric multipoles, to oscillations in the velocity profile. The
Rayleigh theorem on inviscid hydrodynamic instability at points of inflection of the velcoity
profile for one-dimensional plane flows is well-known. In the three-dimensional case we have
its analogue for axisymmetric plane parallel flows. In the general case the criterion of
hydrodynamic instability loses the Rayleigh formulation, but a change in sign of the velocity
derivative whose numerical value is not small, can serve as the source of instability in this
case, From Fig.2 it follows that complex exponents appear when Re - (0, and we can conclude
that strongly asymmetric jets, as well as the classical displacement layer, lose stability
when the Reynolds number becomes vanishingly small. If on the other hand the asymmetry is
"moderate", the critical Reynolds number should depend on the degree of asymmetry.

Thus laminar jets are unstable under fairly strong perturbations and the domain of
applicability of the solution (3.1)-(3.3) is sufficiently limited (when Re~15, the jets
are unstable under infinitely small perturbations /10/}, although, as has already been shown,
the proposed generalized multipole approach also finds application in the study of developed
turbulent jet flows.

4. We have shown in Sect.l that the solution of the problem of jet flow represented as
an expansion in terms of the characteristic hydrodynamic multipoles can be applied to a
boundary value problem in a two-phase region bounded by star-like surfaces, and in particular
in a spherical layer, although in this case we must bring in the characteristic solutions
corresponding to the exponents &, with Realo,,<0. As was done in Sect.3, we can formally

construct a general solution, and in the present case it will be in the form of expansion (3.1)
in which the index n varies from —x to ™, and M., <0 1if n< 0. If the expansion con-
verges and shows the required degree of smoothness, it will represent a solution of the
stationary Navier-Stokes equations for the boundary value problem of jet flows of very general
form.

Let us briefly consider the problems of the convergence of series (3.1). Since the
series in question are power series, in the case of the hydrodynamic problem for the outside
of a sphere of radius R, the series (n>0) will converge everywhere in the region R > R,
provided that they converge when R = Rg. Thus, if using the representations (3.1) we find
that it is possible to satisfy the boundary conditions on the sphere R := ), the represent-
ations in question will be the solutions of the Navier-Stokes equations in the region in
question. It remains to clarify the convergence of the series R = R,;. In what follows, we
shall assume for simplicity that the flow has axial symmetry {m =), although analogous
results can be obtained in the asymmetric case also. The solution can be conveniently written
in terms of the stream function /1/

x £

o\ e, . 7 wf e
dvhvng:; R t[g,‘(d)}-.kz:{uh {x) o J; 4.1
oz N peu (s o L\ " R
p=pv n;mﬁ (m:wékkﬂ(z) | (42
o =1+ );2 ey — 1)+ my— 10 2 a=1, X ome2 (4.3)
sl e Jeec
S " n* R
Vo=V m— [I‘ {zx) + Qn () =5 ] (4.4)
1. 22 n K
b=t B Il — 1) 5wy — 1) (4:5)
2 om0 T om>tonm=0,1,2,. ..

((4.3) differs from (4.5) in the constraints imposed on the sums nr; and m;), where a; and V;
are the eigenvalues of the corresponding spectral problems formulated in /1/. The exponents
are ordered, as in Sect.l, Real #. < Real gy, Real §, < Real {4, Let A4,, B,, M,, be the

intensities of the corresponding multipoles and |dn |, | Bpl, | Myl <Ze/n* a™>1, 0 < ¢ < 0, and
we shall assume for simplicity that the flow rate is zero. (The case with non-zero flow rate,
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i.e. when we have terms containing In R, can be dealt with in the same manner). We must
estimate the contribution of the terms appearing as a result of quadratic non-linearity. The
terms are proportional to

Ay Ay By, ... B; My, . .. Mkmﬁ'l'aix LLRTTBRY

CBRYUBR™G R Ve

and if the sum Real {(a;, —1) + ...+ (%, — 1)} lies in the interval [N, N + 1), their con-
tribution when N >>1 can be estimated using the quantity /(1 + N)*, ¢<¢ < >, ¢, = const
as the upper limit (see the appendix). From this it follows that the series in question
converge when R > R, if the assumptions are sufficiently natural and general.

It should be noted that when a hydrodynamic problem in a spherical layer or in any other
similar region is considered, the convergence of series (4.1)-(4.5) becomes open to question.
If, however, the intensities of the multipoles corresponding to the exponents with negative
real parts decay exponentially rapidly ~ (R/Ry)W!/ |~ |* as |N| increases, then (see the
appendix) the complete series will in this case converge. The actual calculation of the
multipole intensities from the boundary conditions leads to an infinite non-linear algebraic
system which can be solved by the recurrence method, and to do this we must orthogonalize, one
after the other, the systems of functions ¥n, “kn, I'n. Qi We may find the process quite time
consuming, should the approximate numerical solution demand a fairly large number of eigen-
functions. We find, however, that the contribution of the terms appearing as the result of
iterations over the non-linear terms is asymptotically small as &N — o (see the appendix;
it is therefore sufficient to confine ourselves to the solution of the linear problem for
large N. This considerably simplifies the algebraic system for determining A, B,. M, and
indicates that it is well-posed.

Realdy,

Imaps

(00,-2¢ 5 (T

Fig.5 Fig.6

It should be noted that the choice of the basis in the form of the eigenfunctions is not
the only possible one for a problem in a bounded region. We can, in principle, consider only
the Galerkin-type approximations. It would appear however that the most preferable basis is
that of characteristic multipoles, since it has a clear physical meaning for every term of
the expansion and this is important when the problem is solved numerically. It is very likely
that the characteristic basis offers the best convergence. In a number of cases it is suf-
ficient to consider one or two terms of the expansion in order to obtain sufficient physical
information concerning the solution /11/.

The characteristic feature of the axisymmetric solution is that the exponents with >0,
i.e., with a positive real part, are real Imoa;=Imy;=0 /11/. 1In the case when <0, the
indices «; will be real when 0 < Re < Re,, and merge successively when Re > Re,= 35 (Fig.5)
forming complex conjugate pairs (Fig.6). This indicates a qualitative rearrangement of the
flow and its possible instability (see Sect.l). It is interesting to note that the value of
the critical Reynolds number at which the instability of a circular jet has been observed
experimentally BRe,=3.7—-44 /12/ is very close to the value Re,, At the same time the value
of the critical Reynolds number found earlier /10, 13/ using the usual methods of the theory
of hydrodynamic stability is much greater than the experimental value.

Appendix. Let us assess the contribution of the terms of expansion (4.1)-(4.5) with
exponents pn, tn lying within the interval (N, N+ 1), for sufficiently large N, for the
problem of jet flow outside the sphere R > R,

Let us assume, for simplicity, that the exponents a, y, are integers (@p == yp = n), n >0,
and the flow rate Q is zero, the latter indicated by the corresponding absence of terms with
InR from the expansions (4.1)-(4.5). Then the interval shown will contain only a single
value py=N (if @, y» are fractional or complex, the estimate obtained below will not be
changed significantly, and this will be mentioned at the appropriate time). In this case the
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expansions for the velocity and pressure fields will take the form

~o x
V= ‘:' Vs p== 2 b, o= h (A.1)
=l n—=1
where
vn=vn0 - Y, Py :pll("i' In (2.2)
v,=f (cos®) R, v 0= f.0(cos 0) fi~n

P, =g, (cos®) BT, p o g," (cos0) R
satisfy the equations

i

R AV =R (L, V) v 0 (v, Vv (a.3)
1 n—1

Re Bu, = Vg, + 2 Ve V) Voagok

=3

The velocity and pressure coordinates are referred to their characteristic values on
the sphere R = R,. From (A2) and (A3) we find

Vi = U, Z L 2 U1, V-, k (A.4)
Jy =1
] a a
— - —_— e Al
Lij=Re 1(“:‘1‘ 7z, ~ %, A az,9% )
X i 7 k

where A-' is the inverse Laplace operator. Since the operator Ly is integral, it can be
shown that it is bounded in the space of functions v, (A2) where f. i fn, %=L, ([ —1,1])

I Ligk | <<1/3h Re Ry < o5 £, /, k=1,2,3; 0 <AL oo (A.5)

and the norm is given by the relations
3
Ivell=Rs" il GE 0= D 1f, il (A.6)
i=1

From (A4) we conclude, taking (A5) and (A6) into account, that

n—1

lifnll<lif,,°ll+7»RelZ (7]} Syt (A.7)
=2
Putting

ny =10, Lol en® a>1 (A.8)

we can write, for n>1, the relation (A7) in integral form where n takes real values
n—1
f(n) < co/n® 4 A Re S def (@) f(n+1—2) (3.9)
2
The change to an integral relation is even more justified, since as n — o, the exponents
pn Lo constructed using the non-integral «j; y; densely £ill the intexrval [N, N+ 1), N>1
with a bounded distribution function, and this implies that condition (A9) will also hold for
the fractional exponents. In the case of complex exponents the argument n will represent the
real part of the exponent (the imaginary part leads to the appearance of oscillating multi-
pliers not exceeding unity in modulus, which can be replaced by unity in the course of con-
structing the norm).
Expression (A9) written as an equality, can be used as the equation for determining the
upper limit of the function f(rn) for large n, and this is wholly sufficient to solve the
problems of the convergence of the expansions. Indeed, let us strengthen the inequality (A9)

e <ho@+ular et —v (A.10)
1
o

fo@) = e cp<e< o, a>1, z>1, p=>~Re>0

and we have, by definition, f(z) >0, f()>0.
Let a continuous solution ¢ (x) exist of the equation

g =forr) -+ dugwl g @ +1~0) (A.11)
1

It can be shown that g(z) >0. Let us write
u(z) = f(x) — g (D), (A.12)
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From (AlO)-(Al2) it follows that

s@<u{am@lE+1—n+eE+1-y] (a.13)
1

Therefore u (1)< 0. Since the function uz(z) is continuous, a number o> exists such that
u(z) <0 for 1 <z<a. Let u(a)=0. Then (Al3) will lead to a contradiction

fdmwl@+t—y+g@t1—p>0
1
when u(2) <0, flet+1—2+g(a+1—2>0, 1<z<<a Thus u(z)<<0 for all finite =z.
Thus
fRI<e@ 1<z > (£.14)

Let us write

Pl —1)=2g(), Pz —1)=fo () (A.15)
Then Eq. (All) can be written in the form

x

P@=p@+u{arweE—y (.16)
0

We can solve Eq. (Al6) using the Laplace transformation

O (W) = Dy (A) + p® (A) (A.17)

1 _
®, = 5 M=V T,

1.2
o) = (e p@)dz, O (k):S A g, (z) dz
0 0

The quantity g () = ¢/ + 2)*; therefore we have /14/
Gy (M) =cT (1 —a, r) A%l (A.18)

In order to find the asymptotic formula for ¢(z) as z— >, it is sufficient to inves-
tigate the solutions (Al7) as 4 — (0. In this case

Dy (A) = T (I — @) A* L4 o (A%
and two roots of (Al7) have the form
D = pt — @y (A) + 0 (D), @, = @y (M) + 0 (D)
Applying the inverse Laplace transformation we see that as r — x, the first root is

@1 (2) = p78 (2) — @ (2) + 0 (Po) (A.19)
and the second root is
G2 (2) = @g (z) -+ 0 (Po) (A.20)

It follows from (Al9) that for sufficiently large r the quantity ¢: () <0, and this is unac-
ceptable for the norm. Thus the principal term of the asymptotic expansion is given, as
z— o0, by formula (A20) and is independent of p. Since p =i Re, we can conclude that the
convergence of the series (4.1)-(4.5) is independent of the value of the Reynolds number Re.
Nevertheless, we must remember that the intensities of characteristic multipoles depend on Re
and the constants ¢, o in the estimate f, (V) <<e¢N ®* may, in general, depend on the number Re.
Therefore, we cannot eliminate the possibilty of the existence of such an Re for which the
conditions a>1 or ¢ <~ might be viclated. On the other hand, the principal asymptotic
term of (A20) indicates that for large values of N the solution is determined by the contri-
bution of the solution of the uniform problem, while the contribution of the part of the sol-
ution obtained by iteration over the non-linearities is vanishingly small,

It can be shown that the estimates discussed above will hold for a very wide class of
velocity profiles close to the selfsimilar Landau solution. The characteristic asymptotic
behaviour of the terms of the expansion described above may make the proposed method of con-
structing the solutions of the Navier-Stokes equations suitable from the practical, compu-
tational point of view, although the question of whether the proposed expansions are the best
of all possible expansions remains open.

It should be noted that in the case of the problem of jet flow in a spherical layer we
can obtain analogous assertions concerning the convergence of the series (4.1)-(4.5). In
particular, the inequality (AlO) will be transformed, in the case of a sclution on the sphere
R =R,, to the form

o

ta<fo@+p § awrwic+i—v (A.21)

—oo
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We can also show that
Jlo)y < g dry, - 00 <o =l N
where ¢ (:) 1s a continuous solution of the equation

oo

g0~ hiwtw { drewee1—p

—

When |r|—~, we can obtain in the same manner
fx) <qfo (0); ¢ >1, g = const
provided that the Fourier transform +,(# of the function /,(z) is such, that /r,(%) —0 as
k— 0.
The sufficient condition for the series (4.1)~(4.5) to converge in the region Hy <l < it
is, that the following integral converges:

R\~
\ fo () (*,—} di s ey < oo
N iy /
In particular, if
. Co [\ -
fﬂﬂ\(lhﬁﬁm(ﬁd’ v
o

(e
0 <eg<x, aa>1

fole) < >0

then the necessary requirements will be satisfied and the series will converge absolutely
everywhere within the region [/, #.]. We should remember that a stronger condition is imposed
on the asymptotic behaviour of the characteristic multipoles in the case of positive powers
of the spherical radius R as (N — — o or 2z — x). Therefore, the domain of applicability
of the proposed expansions for a jet flow in a spherical layer may be narrower {according to
the admissible form of the velocity profiles on the outer sphere, or relative to the number
Re), than in the case of a boundary value problem outside the sphere.
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